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Testing superexogeneity and invariance 
in regression models* 

Thus paper introduces tests of superexogeneity and invariance. Under the null hypothesis the 
conditional model exhibits parameter constancy. while under the alternative shifts in the process of 
the independent variables induces shifts in the conditional model. The test is sensitive to particular 
types of parameter nonconstancy. especially with changing variances and covariances. We relate the 
test to rational expectations models and the Lucas critique. An empirical example of money demand 
finds prices and interest rates superexogenous in a conditional model. but when the inflation 
specification changes, superexogeneity fails although standard specthcation tests do not. 

1. Introduction 

Well-specified econometric models should have parameters which are both 
constant over the historical period used to fit the model and are anticipated to 
remain constant in the future, thereby allowing es ante forecasting under 
various scenarios. For example, parameters which measure ‘tastes and techno- 
logy’ are sometimes considered to be invariant to changes in policy rules or to 
shifts in the distributions of other variables taken as given in the model under 
scrutiny. Conversely, casually-specified regression models may be potentially 
prone to ‘structural breaks’ when regimes alter as argued by Lucas (1976). In 
both cases. tests of claims about invariance or its absence are obviously of 
interest. 
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Empirical evidence on the constancy of parameters over the historical period 
is typically marshalled by specification tests of the Chow ( 1960) form or simply 
by testing for interactions with dummy variables. However. these commonly- 
used procedures are unsatisfactory if there is no guidance on the number or 
dates of the breaks which are tested: if incorrect dates are chosen, the test will 
lack power. and if too many versions are tested, the test size will be far above its 
nominal value. In contrast. there are almost no procedures to test whether 
parameters are likely to remain constant in the future or whether they are 
invariant to changes in regime. This paper presents tests specifically designed to 
ascertain whether or not parameters have changed irl rrsponsc~ to changes in 
regime during the historical period. Thus, the tests a-e closely related to 
parameter constancy tests, but the causes. periods, and magnitudes of changes 
to bc tested are dctcrmined by the economic situation and the historical 
evidence for regime changes embodied in the conditioning variables. A rejection 
of the constant parameter conditional model clearly indicates ;I problem with 
the hypothesized model. however it is, as always. incorrect to conclude that the 
alternative model is correct. For example, nonlinearities or nonnormality could 
be responsible for the rejection and a clever investigator would be advised to test 
for these directly. 

Three distinct concepts are involved when formulating such tests for condi- 
tional models: KXO~~~IIC~~~, UUIS~LIII(‘J’. and irwurirrtw, and so we first briefly 
review, these three notions as well as the composite property of .slrperc,zo(lrneit!, 

in section 2. In section 3. the basic formulation of our analysis and relevant 
delinitions arc provided. In section 4. the role of expectations and the Lucas 
Critique are explored for formulating alternatives. In section 5, tests are pro- 
posed for invariance of behavioral parameters and superexogeneity of condi- 
tioning variables in regression models under various states of nature determined 
by the degree of nonconstancy in the process generating the observablcs. Section 
6 provides some empirical examples of the proposed tests, and section 7 con- 
cludes the paper. 

2. Exogeneity, constancy, invariance, and superexogeneity 

The joint distribution of J’, and .x, conditional on the sigma field, ,‘/;,. consist- 
ing of the past of both series and the current and past values of other valid 
conditioning variables, can be written 

where D, . D, . and D,, refer respectively to the joint density, the conditional 
density of J‘ given .x. and the marginal density of X. The parameters are then 
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labeled correspondingly I,, I 1,, and Rz,. This expression recognizes that these 

parameters may not be constant over time. 
Engle, Hendry, and Richard (1983) define a variable X, as weakly exogenous 

for a set of parameters of interest 0 if: 

(a) 0 is a function of the parameters A,, alone, and 
(b) Al, and the parameters 1,, of the marginal model for x, are variation-free. 

Consequently, if Y, is weukly e.xogenous for 0, there is no loss of information 
about 0 from neglecting to model the process determining x,. In other words, 
even perfect knowledge of I.,, could not improve the estimate of i.,, over any 
period during which they are both constant. If, in addition, y, fails to Granger 
cause x,, then X, is defined as strongly exogenous for 0. 

Next, constanc~~ of the ‘basic’ or ‘meta’ parameters is an essential property of 
most econometric models. We will be concerned in particular with the con- 
stancy of the parameters of the conditional model, i.,,. Good empirical practice 
checks this assumption, but there is much evidence that parameter variation is 
common even in final models. See, for example, Judd and Scadding (1982) on 
U.S. M 1 models and Hendry (1979) on ‘predictive failure’. 

Thirdly. the parameters i, are said to be inuuriant if changes in 2, do not 
imply changes in I., This concept differs from the notion of ‘free variation’ used 
for weak exogeneity and a simple example will illustrate the point. Suppose 
i.,, and i,,, are both scalars and are related by 

i ,, = 422,. 

where 4 is an unknown scalar. Over periods of constant iz, there is no 
information in j.2 which would be helpful in estimating i,, so they are variation- 
free, however i., clearly is not invariant with respect to j.2. If instead, the relation 
were 

invariance would be satisfied. 
The idea of incariunce has a long history which includes important contribu- 

tions from Frisch (1938) (reprinted in 1948) and Haavelmo (1944), both of whom 
discussed the concept in terms of autonomy-the extent to which one relation- 
ship remained the same when others altered. In particular, they sought to 
distinguish the structurtrl equations of an economy from the confluent relation- 
ships induced by the interdependent nature of economic behavior [also see 
Marschak (1953) and Hurwicz (1962); Aldrich (1989) provides a history]. From 
a theory perspective, Lucas (1976) criticized invariance claims in ‘conventional 
macro-economic models’ on the grounds that agents’ expectational mechanisms 
would alter as policies changed, so that conditional policy simulations would 



yield misleading inferences in models where the invariant behavioral parameters 
were not separately estimated from the changing parameters of the expectations 
processes. Thus, only careful theoretical analysis (such as that now claimed to be 
associated with ‘rational expectations econometrics’) could reveal which para- 
meters were potential invariants (sometimes referred to as ‘deep’ or ‘structural’ 
parameters). 

In response to such critiques, the theoretical underpinnings of many models 
have been strengthened, more rigorous testing procedures have been adopted, 
‘time-varying parameter’ processes’ have been investigated, and so on. Never- 
theless, a formal analysis of invariance testing still seems to be lacking. For 
example. although constancy and invariance are different concepts, tests for the 
former are sometimes interpreted as tests of the latter. In principle, parameters 
could vary (over time, say, due to seasonality) but be invariant to policy changes. 
or be constant over historical interventions but vary with some other alteration 
in the ‘input topology’ [see Salmon and Wallis ( I982)]. Moreover. the power of 
constancy tests might be low for investigating invariance claims. 

Finally. Engle et al. (19X3) defined s, as .sup~~~‘.~o~~leno~rs for B if I, is weakly 
exogenous for 0 and i., is invariant to changes in j.?. Thus. tests of super- 
exogeneity may be tests of weak exogeneity or tests of invariance or both. As will 
be seen below. both aspects enter the general formulation. Indeed, tests for 
invariance raise a number of technical complications due to the need to formu- 
late the alternative model which details how and why the parameters vary. The 
test must discern whether there has been a shift in regime and. if so. how big 
a change in parameters would thereby be expected. 

3. Formulating superexogeneity and invariance hypotheses 

The null hypothesis to be tested in most cases is a linear regression equation 
which is hypothesized to represent the constant conditional mean of a random 
variable J‘, gi\;cn another random variable _y,, as well as other information. The 
tests developed in this paper require careful formulation of the alternative 
hypotheses which are to be viewed as failures of weak exogeneity. invariance, or 
superexogeneity. 

Consider the joint distribution of two random variables J’, and I, conditional 
on an information set .F, which includes the past of J’ and .y and the current and 
past of other valid conditioning variables z,: .P, = ( Y:_, , X:_, . Z! ). We assume 
throughout that the data generation process of (~1,. _y,) is a conditional normal 



distribution (so regressions are linear), given by 

where N(a, f2) denotes a normal distribution with mean a and variance matrix 
R. Each of the means and covariances in (I) potentially depends upon the 
information set Y,, although any particular moments could be constant in 
practice. The means I(:’ and 11: are the conditional expectations of JJ! and x, given 
9,: p:’ = E (J,, 1 .F, ) and ~1: = E (x, / .F,). Finally, Z, is the possibly nonconstant 
error covariance matrix: a:” = E[(.u, - p:)* 1 St], etc. 

The conditional model of interest to the econometrician concerns the rela- 
tionship between J‘, and x,. From (l), this is in fact given by 

.l’, I .Y, > .B, - N [6,(x, - p:) + /A:‘, co,]. (2) 

where 6, = o:‘-‘/a:X is the regression coefficient of J’, on x, conditional on 9,) and 
tr), = a:’ - (u:‘~)~/c+’ denotes the conditional variance. The analysis generalizes 
to x, being a vector, with suitable notation for eq. (7) below, but the bivariate 
case will suffice to highlight the principles involved. 

The parameters of interest in the analysis are fl and y in the theoretical 
behavioral relationship: 

11:‘ = ljr(A2,)p: + z;y, (3) 

which equation relates the conditional means of y1 and s, to the set of variables 
z,E,~,. However, we have allowed for the possibility that the ‘parameter’ b might 
vary with changes in the parameters of the marginal density of x, which is 
denoted by I.,,, and that the form of this relation may itself be time-varying. In 
expression (1) it appears that these parameters coincide with p: and crfx, 
however more general shifts can easily be considered. Well-known examples of 
(3) in which /II is often taken as constant and invariant are the Permanent Income 
Hypothesis, where ~1:‘ and p: denote permanent consumption and permanent 
income, or money demand models in which 11: and p: become planned money 
holdings and expected income and Z, characterizes interest rates. In this paper, 
we maintain the assumption that y does not vary with i.2r, since otherwise Z, 
would merely be reclassified as part of an extended vector x,. 

The issue of central concern in this paper is when an econometrician can 
formulate and estimate the empirical model corresponding to (3) as the regres- 
sion equation: 

y, = fix, + z;y + e, where E, c IN [0, 01. 



That step entails exogeneity, constancy, and invariance assumptions which are 
open to empirical evaluation. and we first analyze these three assumptions and 
their implications. 

Substituting (3) into (2) and rearranging yields 

As discussed in section I. three conditions are needed to sustain regression 
analysis of J‘, 1 _x,. 3,: 

(a) M’etrk c~.uo~/c~rcit~~ of z, for the parameters of interest. This requires that 
11;‘ and cl.’ do not enter the conditional model. Thus. a necessary condition 
for the weak exogeneity of I, for ([i, ;,) is 6, = /I,(;2,). 

(b) C’ortsttr~tc.~ of the regression coefficients. The coefficient of I, in (4) is simply 
6,. so a necessary condition is that 6, = (5. V’r. From the definition of j,. the 
ratio of the error covariancc to the variance of .Y, must bc constant over I. 
and therefore CO, = (‘I, Vl, if 0,“’ = (1) + 20;“; otherwise, (5) below would have 
a heteroskedastic innovation process. We maintain homoskedasticity for 
simplicity. although generalizations to heteroskedastic processes can be 
carried out. 

(c) I~~tr~irr~c~ of /I to the potential changes in i.,,. This requires that 
/jr(iL,) = /I,. V’t, vvhere the set of parameters /I, may vary over time without 
depending on variations in i2,. 

Together, these three restrictions entail that ci = /j. Individually. they consti- 
tute necessary conditions to validate constant parameter, invariant conditional 
tnodels. The conjunction of (a) and (c) ensures that s, is superexogenous for /r. 
but it is unclear how one might proceed if ii, nevertheless varied in unknown 
ways (while maintaining equality to p,). Consequently, we require all three 
conditions to hold in practice for the parameters of interest in conditional 
models. For example, if (a) fails, then generally both weak exogeneity and 
constancy will fail because the mean and variance of X, appear in the conditional 
model: hence, changes in ,I;‘ and 0,“” will affect the parameters of the conditional 
model. Conversely. it is possible that over the historical sample, D(_r,. sr 1 .Fr) is 
weakly stationary. so j is constant and X, is weakly exogenous for (/j. y) but an 
intervention alters /i post-sample. Thus, (a) and (b) alone do not entail (c). 

If (a), (b), and (c) hold. then the conditional distribution (4) becomes 

.I’, ( .\‘, . 3, - N t /LY, + ;; y. co ). (5) 

and hence yields the conventional constant parameter regression model. Rewrit- 
ing (I). given (5). reveals that for this particular model (5) is the condition for the 
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structural error, E,, and the reduced form error, q,, to be uncorrelated in the 
equations: 

Jr - s,p - z;y = ct - IN [0, 01, x, - /at; = q, - IN [0, a:x]. (6) 

As noted, E[E~)~,] # 0 may imply nonconstancy as well as invalid exogeneity. 
A broad alternative mode1 for a genera1 test of superexogeneity must recog- 

nize that, in addition, the behavioral model in (3) may not have constant 
parameters because [j may be affected by I,,. Specifically, we consider how 
variations in the momnts of .Y might influence /I, but maintain that this is 
a time-invariant relationship. This would allow a class of tests of Lucas Critique 
assertions to be conducted for historical interventions associated with ix,}, 
together with both constancy tests [of(b) above] and exogeneity tests [of (a)]. 
Thus, we allow P(&,) in (3) to be a function of (&, a?) and approximate 

P(.)P:’ by 

assuming p: # 0, Vr. Higher-order expansions could be used if they were 
thought likely to matter. Given (7) (3) then becomes 

since the term linear in p: is incorporated through /I,,. Under the null of 
invariance, [jI = /I2 = p3 = 0 and so /I,, = p. 

Substituting (8) into (2) yields 

so that superexogeneity can fail through the moments of X, appearing directly in 
the regression of J, on x, even if 6, = 6. 

An alternative representation is the restricted reduced form, which could 
remain valid even when .Y is not weakly exogenous for /I. Substituting into (8) 
and (1) directly: 

which is operational when an expression for the reduced form of x is available 
such as /J: = n:.Z, for a set of instruments Z,. In this context, the invariance of 



the parameter /j can be tested without the weak exogeneity assumption. Using 
ZSLS or FIML to estimate the parameters with X, replacing jr,‘. it is simple to 
test various portions of the hypothesis /j, = /I’, = /j3 = 0. In this case. there is no 
contemporaneous conditioning but it is still possible and interesting to test the 
hypothesis of in\,ariance. 

4. Future expectations, invariance, and the Lucas Critique 

Many econometric models derive from economic theories involving expec- 
tations. Such models can often be written in precisely the form of (5). except that 
their parameters are no longer invariant to the process of the forcing variables as 
was so effectively pointed out by Lucas (1976). Thus tests of backward-looking 
models are typically conjectured to suffer from parameter nonconstancy and 
nonin\,ariance. Here WC develop ;t specific class of maintained hypotheses 
against which such models cm be tested. Thus the Lucas Critique can be used to 
formulate particular alternatives to a backward-looking conditional model. If 
\ve fail to reject such a null hypothesis, we find no evidence in support of the 
Lucas Critique. Interestingly however. in this case [as pointed out by Favero 
and Hendry (I 9YO) in a survey of related work] the power of such 21 test can be 
established. and if it is high. wc hate strong cvidcnce against the Lucas Critique. 

The analysis of the pre\;ious section can bc interpreted in an expectations 
framework. If ,I,’ represents an expectation formed about I,. then (9) allows for 
the usual possibility that 2 # /j (assuming that 6 is constant) as well as covering 
situations \vhen (i is not constant and /i varies with changes in the expectations 
process. 

More generally. consider ;I model in which -6, denotes information available 
at the start of planning period I. 11; is the planned value of J‘,. and the plan 
depends on the expectation held about I I, + ,: i = I. _. . A’ I. Thus, in place of (3). 
we have the distributed lead model: 

p:‘= /ilil,)E[\,l.F,] i p, E[.Y,_, I-F,] 

where WC hale taken 11: to be finite and will focus on the case N = I as this 
highlights the main analytical issues. The potential variation of/J, with respect to 
i. ?, would lead to extended versions of the tests described below. 

To develop a maintained hypothesis. ;I model of X, is postulated where 

.Y 1+1 = E [-yr + I 1 .F,] + I’, k 1 = ul; 2, + I’, + , . (10) 



when Z,E.~“,, and p, potentially varies over time. Substituting (10) into (3’) for 
N = 1, and the result into (2), yields the appropriate generalization of (4): 

J’, I -y,, .F, - NCP(A,,)-~1 + Z;Y + (6, - P(j.zt)i(x, - P:) + pldp;Z,.wl. 

(11) 

Clearly, X, is not weakly exogenous for /j’ even if ci, = /I’(&) since the parameter 
~0, appears directly in the conditional density but must be estimated from the 
marginal density of x,. The presence of the future expectation introduces 
a possibly time-varying function of the current information set into the regres- 
sion. Such a regression model will typically appear to be nonconstant unless 
(p and Z have very simple forms, and will not be invariant to the process 
generating X, which is incorporated in 9, and Z,. 

To formulate a general alternative to superexogeneity in this type of rational 
expectations model, we allow for failures of invariance. and substitute (7) into 
(It) to get 

Hence, (5) will be the estimated model if 6, = PO, PI = pz = /j3 = 0, and 61~ = 0. 
Then tests of these restrictions will comprise a superexogeneity test in the 
expectations context. These assumptions guarantee the weak exogeneity of .x, for 
/IO and the invariance of the conditional model to variations in the generating 
process of x,. Of course, to carry out this test in practice (as discussed in the next 
section), it is necessary to specify and estimate parameters such as v, as well 
as I(;‘. 

Superexogeneity can hold only if there are no future expectations in the 
behavioral model. However, it may still be of interest to test models in which X, 
is not weakly exogenous for 1) for failures of invariance. By replacing p;Z, in (11) 
with .x-~ + 1 and assuming that 6, = P(j.*,), possibly because .Y,E.~,, the model has 
the familiar errors-in-variables form of rational expectations model popularized 
by McCallum [1976]: 

.rr = P(j.2,).h + pls,+, + y’z, + i:, - p(12,)\~,+,, 

which requires estimation with instruments (Z,, z,) in order to achieve consist- 
ency even when fl(i.2,) = /?. To test for invariance of fl. (7) above can still be used 
but only after estimating with instrumental variables rather than by least 
squares, as in the last example of the previous section. 



The ability of these tests to detect failures of superexogeneity. particularly 
through the expectations mechanism, is intimately connected to the complexi- 
ties of the marginal process of the conditioning variable. For example. if qq = q 
and Z, = i,, then the restriction p, = 0 is not testable. Thus, the power of the 
testing procedures can be ascertained by examining the marginal processes for 
changing parameters and additional causal variables. 

The argument of this section can be generalized to multiple future leads. 
Formulating the multi-step predictors as E,.x,+~ = q(,Z, yields the conditional 
model: 

where each of the expectations terms could be tested separately. except that for 
most forcing variables x only a small subset would be linearly independent. 

The most widely-used model of forward expectations is the present dis- 
counted value (PDV) model which has been used to explain stock prices as 
a function of dividends. long rates as a function of short rates, and consumption 
as a function of income. In each case, it is typically assumed that a conditional 
model is misspecified. and it is assumed that the model is invariant with constant 
discount factors. We consider in somewhat more detail the testing of the present 
discounted value model. 

Consider the example where J’, is an end-of-period stock price, X, is its 
dividend, and as before. -7, is the sigma field including past values of ~3 and .Y as 
well as current values of valid conditioning variables. The PDV model is 

which can be rewritten as the backward-looking model 

E [J,, + /iz, ; .F,] = (I + /.)j,,_ , 

or 

where it is desired to ascertain whether [j = I. This is now in the form of (3) and 
can be examined for superexogeneity of x,. From (9). Z, = y, ~, . y = (I + Y), and 



the test would require fir = b2 = /II3 = 0,6, = /I&. There is nothing in the theory 
which would suggest that the weak exogeneity component of this hypothesis 
would be true. Hence, we expect to reject the null hypothesis of superexogeneity 
as we expect that this truely is a forward-looking system. Estimates of /I0 above 
I indicate excess sensitivity of prices to dividends, but these are easily confused 
by the natural simultaneity between p and x. 

To test whether /I is invariant to L2, and equal to 1 without assuming weak 
exogeneity, one must either use instrumental variables or estimate the reduced 
form. In this context, one can test interesting hypotheses about the expectations 
mechanism. For example, suppose the PDV model is only geometric for higher 
leads. so that 

and we wish to test that tii = 0, Vi. Rewriting this model gives 

~(1 + r)$i+lEC~~t+iI~~tl}~ 

where I),+ I = 0, and computing the reduced form by taking expectations 
conditional on 9f gives 

Ebl.F,l = (1 + r)y,-, + [ - /I - (1 + r)t)r]p: 

which is of the form of (13) and can be used to test hypotheses on the 
expectations mechanism by testing for invariance in the relation between y and 
.Y when the process of .Y changes. 

5. Tests for superexogeneity 

A variety of tests for superexogeneity will be proposed; tests for invariance in 
models without weakly exogenous conditioning variables only need modifica- 
tion along the lines sketched above. In each case, the null hypothesis will be that 
s, is superexogenous for /I in the regression: 

y, = x,/l + z;y + E,. (5)* 



Different tests will be sensitive to different alternatives, and we separately 
consider worlds where 2I, is constant and where it varies over time (whether 
under the null or alternative). 

Assuming temporarily that /J), = 0 (i = 1 . 1. 3). this case is the classical issue 
of testing for weak exogeneity. Wu (I 973) and Hausman (1978) proposed tests 
and Engle (1982a) established their optimality through showing them to be 
Lagrange multiplier tests. To construct a test, ~1: must be parameterized. 
Suppose there is :I set of instruments Z,. including :,. which describe the 
mean of .\- through 

_\‘, = z; Ic, + ‘I,. (14) 

The construction of Z, is assumed to allow for and define regime shifts. Some of 
the variables in Z, may be lagged .X’S and 1,‘s or dichotomous variables interact- 
ing with other observable variables. This specification, therefore, gives wide 
scope to specifying changes in policy regime. expectations formation. or states of 
nature. 

If E[I:,II,] # 0. then there will be simultaneous equations bias. The LM test 
for weak exogeneity is to test the estimate of (11,) given from (14) as 
.Y, ~ Z;l;, = X, ~ _?, = 6, for its presence in the model (5). Notice that in eq. (4) 
with (5 and /j constant. their diflerence is zero if r/, has a zero coefficient. The 
r-statistic on 4, is ;I simple and intuitive form of the test. Since X, = .<-, + ti,. an 
cqui\alent form would be the f-statistic on .t,. !f 0, belongs in the regression but 
is excluded, then other diagnostic tests may have some power. In particular. 
parameter constancy tests have been used in this case. although their power is 
crucially dependent on changes having occurred in the underlying data process. 
Indeed. constancy tests are an example of one choice of Z corresponding to 
using (0, I) dummy variables. However. for an H-period constancy test. N dum- 
mies are required and the lack of a constructive alternative either for the break 
period or for the cause of the break suggests that they will lack power relative to 
;I directed test of the form proposed here. Moreover, a failure to reject ma) 
simply reflect a constant within-sample process for s and so throw no light on 
invariance. 

In the common case where one is unwilling or unable to specify the entire set 
Z. it may still be possible to perform the test. Partition Z into (z. Z, . Z2 ) where 
Z, and Zz are excluded from (5) on II prior-i grounds (rather than merely because 
of insignificant coefficients in pre-tests) and Z, is observed. Z, might be dum- 
mies for shifts in regimes which. under superexogeneity. ought not to enter (5). 
A test of superexogeneity would then be bvhether Z, enters (5). A test for any 



linear combination of Z1 would also be such a test and, from (4), the linear 
combination most closely approximating $ should be most powerful. The test 
can be constructed as before: regress X, on (z,, Zr,) and test S, (or equivalently fir) 
in eq. (5). 

An alternative interpretation of these tests is insightful. Under the null that 
E [E, ?I,] = 0, the restricted reduced form for yr derived from the two-equation 
system (5) and (14) is 

J’, = pn;z, + y’z, + z:, + /jqr = n:, Z, + II, (say). (15) 

The unrestricted reduced form is simply the regression of y1 on Z,. Thus, one can 
equivalently test whether the former encompasses the latter [for discussions of 
encompassing, see Hendry and Richard (1982) Mizon (1984) Mizon and 
Richard (1986) and Hendry and Richard (1989)]. One degree of freedom tests 
[see Cox (196i), Pesaran (1974) and Ericsson (I 983)] evaluate variance en- 
compassing which corresponds to testing: 0,’ = 0: + /I>Q,‘, where a,’ is estim- 
ated from the unrestricted reduced form. Providing that E [E,)!,] = 0, clariancr 
rncompassimg will indeed ensue. Tests based on this approach are reported in 
Favero (1989). P~~~~rnetrr encompmsiny tests will have I degrees of freedom for 
I restrictions on K,, and as shown in Mizon (1984) these tests are equivalent to 
the test of independence of instruments and errors in Sargan (I 964). 

If we now allow [ji # 0 (i = 1,2, 3) but retain z, = 1, then we have 2, entering 
the regression through its square as well as its level. Thus one would perform an 
F-test on _?, and .f:. If we further allow the possibility of future expectations, 
then we must form multi-step predictors of future X. Letting .i?,i be the estimated 
forecast of s, + , using information available at time t, the test procedure would 
perform a joint test on .<,. -f-f, .<rI, . . . , .f,,%. 

In this more general case, the coefficient of s, is potentially varying as shown 
in (9). Note that if, for example, a>X is constant within regimes, but not between, 
then one might find weak exogeneity within each regime but no superexogene- 
ity. Charemza and Kiraly (1986) suggest recursive analogues of the tests in 
section 5.1 above to detect such cases. 

To develop formal testing procedures, expand o:‘“/@’ = ii, = 6, + rS, (T:.’ so 
that (9) can be written in testable form as: 

(16) 



where again s, = Z;i, + 4, = :?, + lj,. If we suppose that a:-’ has distinct values 
over different but clearly defined regimes. then the three separate hypotheses 
described in section 2 arc susceptible to test: 

(a) M,‘c~rli ~so+n~it~ o/ r,,fi)~ /I(, This entails a zero effect from rj, as in section 5.1. 
(b) C~~LS~U~XV ($6 m~~i/~ (5 i = 0. Given (I 5). constancy tests should be conduc- 

ted for the coefficients of 17, and .4,. or equivalently for z, and 4,. 
(c) Ir~~rr~ilrrlcr (!f /i, This entails that /i, = 0 (i = I. 2. 3) in ( 15) taking (T:.’ to be 

given by disjoint values. 

Depending on how rich a maintained hypothesis is desired, the statistic could 
jointly test for the significance of all the terms involving (i and p. Notice. 
however, that :; y will not have changing coefficients in the present formulation. 

From the reduced form regression .Y, = Ziz, + ‘I,, it is possible to drab\ 
inferences about of.‘. A heteroscedasticity function could be fit which specifies 
var(r?, 1 .F,) = Z;K. Even simpler might be the ARCH model of Engle (1982b) 
which allows a flexible form of conditional heteroscedasticity: 

so that Z, corresponds to lagged values of llf. Estimation of (14) with (17) will 
improve the efficiency of the estimates in (14) and provide an estimated series 
6;‘” to use with .Q, in testing (16). Moreover, both (6;” ) and [ tjf ~ cif” ) could be 
included to check on the impact of systematic versus unanticipated error 
variance changes. 

Throughout this section it has been assumed that (‘1, = ri:” - (n:’ )‘, cr>-’ is 
constant under both the null and the alternative. While this is surely true under 
the null. there may be power lost by failing to define an expression for (‘1, as 
a function of of’. There does not seem to be any natural such expression, 
holvevcr. and so we maintain (t), = (‘) throughout. letting rr:l’ adjust. This 
assumption is itself testable empirically, or might suggest the use of robust 
standard errors for the various tests as in White (1980). 

6. An empirical illustration 

The example selected relates to testing the superexogeneity of the parameters 
of the money demand function in Hendry (1988). This is a particularly appropri- 
ate example because considerable debate has addressed parameter constancy 
and exogeneity assumptions in this context. For example, a long sequence of 
predictive failures in U.S. M 1 is documented by Judd and Scadding (I 9X2) and 
reviewed and interpreted by Baba, Hendry, and Starr (1992). In addition, the 
exogencity assumptions implicit in money demand models have been criticized 
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by Cooley and Leroy (198 1) and Hendry and Ericsson (1991) among others. The 
issue is that if the money stock M is taken as a policy variable whose value 
depends only on past information, then at least one of the interest rate, R, real 
income, Y, or the price level, P, must be endogenous. If the last of these is 
selected as endogenous, models of real money should be formulated with P as 
the dependent variable potentially allowing conditioning on M. Instead, some 
studies condition on P, taking M as the dependent variable [see, e.g., H.M. 
Treasury (1980)]. Since both M and P cannot be weakly exogenous for the 
parameters of the money demand function, and in most cases, both cannot have 
constant parameterizations, both conditional models cannot be invariant to the 
monetary rule. In short, the exogeneity assumptions are usually very important. 

The measure of money is quarterly M 1 in the U.K. over the period 1963-l 982, 
the precise dates depending on the lag lengths of the various models. The income 
measure is Total Final Expenditure, the price measure is the implicit deflator of 
TFE, and the interest rate is the three-month Local Authority bill rate. Lower- 
case letters denote logarithms of capitals. The original model takes the form:2 

d [PI - p], = - 0.854dp, - 0.007 R, - 0.3544 [m - p],_ 1 

(0.144) (0.001) (0.09 1) 

+ 0.280Ay,_1 - O.lOSECM,_, + 0.031, (18) 

(0.104) (0.011) (0.006) 

T = 1965(2)-1982(4), R2 = 0.732, r~ = 1.31%, D W = 1.90, Mean = - 0.00293, 
SD = 0.0244, x2(2) = 1.87, ARl-5F[5,60] = 0.35, ARCH4F[4,57] = 0.02, 
Xi’F[lO,54] = 1.62, RESET F[1,64] = 0.43, 

In (18), A denotes a first difference, ECM, = (m - p - y),, and R2, CT, D W, 
Mean, and SD, respectively, denote the squared multiple correlation coefficient, 
the residual standard deviation, the Durbin-Watson statistic, the mean quarter- 
ly growth rate of real money, and its unconditional standard deviation. Also, 
AR l-5 F-test (with degrees of freedom shown) is a Lagrange multiplier test for 
residual autocorrelation; ARCH 4 F-test checks for residual heteroscedasticity 
of the ARCH form; Xi’, again in F-form, is the test suggested by White (1980); 
x’(2) is the Jarque-Bera (1980) normality statistic; and the RESET test is due to 
Ramsey (1969). None of these diagnostic checks is significant, nor is uny 

‘All of the calculations were undertaken using PC-GIVE 6.0 [see Hendry (1989)]. 



recursively computed ‘break point’ Chow test. so (18) also appears to be 
constant over the sample period. Note that ( ) and [ .] beneath coefficients 
denote conventional and heteroskedastic consistent standard errors, respect- 
ively. 

There have been several potential regime shifts over the sample period, 
including the Competition and Credit Control Regulations of 1971, the shift 
from fixed to floating exchange rates in that year. the oil crisis in late 1973, the 
change in the Value Added Tax rate from 8% to 15% in 1979, and the tight 
monetary policy introduced by the Thatcher Government after 1979. Dummy 
variables were created for step changes [e.g.. 073(4) denoting starting year and 
quarter] or impulses [e.g., 0*69(1/J) denoting the + I. ~ I periods]. Level and 
interactive combinations of these dummy variables were tried for the impact of 
these potential shift events in the marginal models for 11, and R, and any first 
round significant effects were retained. The resulting models took the form: 

fp, = 0,009D7Y(3), ~ 0.05 I D73(4), ~ 0.0551373(4),/J i 

(0.004) (0.008) (0.008) 

+ 0.488n73(4),dp,_, + O.O3Op, , + 0.0224079(3) + 0.056, 

(0.108) (0.005) (0.006) (0.008) 

(19) 

T = 1963(3) 1982(4). R’ = 0.870, r~ = 0.549%. III&‘= 2.01, Mean = 0.0234, 
SD = 0.0146, z’(2) = 0.43, AR l-5 F[5, 661 = 0.91. ARCH4 F[4,63] = 0.20, 
Xi’F[9. 611 = 0.94. RESET F[I. 701 = 0.03. 

and 

AR, = - 0.202R,_, + 0.408dR,_, + 3.07/ID73(4), 

(0.060) (0.106) (1.19) 

+ 1.496 + 0.897II73(4),_ , . (20) 

(0.444) (0.424) 

T = 1963(3) I982(4). R’ = 0.277. (T = I. 148, D W = 2.07, Mean = 0.0727, 
SD = 1.314. z’(2) = 3.12. ARI 5E‘[5,68] = 0.90. ARCH4F14.651 = 3.63. 
Xi’ F[6.66] = 1.46. RESET F [I, 721 = 0.50. 



In (19) and (20). the ‘oil crisis’ dummy is significant in several forms, but the 
dummy for the VAT increase to 15% in 1979 is important only in the Ap, 
equation. Both equations pass the diagnostic checks for residual autocorrela- 
tion, residual heteroscedasticity. normality, and the RESET test. However, 
residual ARCH is significant for AR,. and is modelled below. Overall, (19) and 
(20) seem reasonable marginal models for the analogues of pf, especially since 
the standard errors (a) are about $‘!!n and one point, respectively, and there is 
strong evidence of structural breaks in the linear projections alone. However, 
the presence of many dummies precluded recursive constancy tests. 

Eq. (20) suggests that R, is integrated of order zero denoted I(0) [see Granger 
(1986) and Engle and Granger (1987)] and that the oil crisis raised interest rates 
considerably, both in the short run and the long run (by about 4.5 points). 
However, it is much harder to interpret (19): certainly, the VAT change raised 
inflation substantially. but whether or not the oil crisis did so depends on both 
the prevailing price level and inflation rate. Despite this problem of interpreta- 
tion, both equations strongly reflect important regime effects compared to 
conventional autoregressive representations, which is the key requirement for 
the illustrations of this section. 

From these two models. fi(dp),, e(R),, .t(dp),, and 1(R), were calculated and 
then measures of u:” were constructed: for dp,, a three-period moving average of 
rjf(Ap) was tried despite the insignificance of the ARCH test [denoted V(dp)]; 
for R, a two-period ARCH error denoted A(R) was estimated [F [2,69] = 6.1 in 
(20)] as was the deviation of q:(R) from A(R) [denoted Drr(R)]. All of these 
constructed variables were then included in the money demand function, which 
had conditioned on both Ap, and R,; in addition, the subgroups of variables 
which were most promising for rejecting invariance were included. However, no 
combination proved significant, and (21) reports the estimates when all five test 
constructs were added: 

A [WI - p], = - 0.754Ap, ~ O.O06R, - 0.259 A [M - p], I 

[O. 1551 [O.OOl] [O.lOS] 

+ 0.3104~,_, - 0.1001XM,_~ + 0.026 - 0.392q(Ap), 

[0.137] [0.014] [O.OOS] [0.283] 

+ 43.1 V(Ap), - 0.0024(R), - O.O03A(R), - 0.001De~(R),, 

c70.43 [0.002] [0.002] [O.OOl] 

(21) 



T = 1965(2))1982(4), R' = 0.750, (T = 1.32%, DW = 1.95, Mean = - 0.00293, 
SD = 0.0244. ~~(2) = 0.50. AR I ~5 F‘[5. 563 = 0.60, ARCH4F [4,53] = 0.89, 
Xi’F[16,44] = 0.57. RESET FCl.601 = 0.09. F-test [for adding fi(~Ip)!, V(dp),, 
tj(R),, A(R),, DcrjR),]: F[5.60] = 0.85. 

Thus, the evidence is consistent with the super exogeneity of LIP, and R, in the 
original MI model. 

A natural issue is the power of this class of tests, and to investigate that. two 
variants of the basic model were evaluated. The first omitted ,dp, and hence 
imposed price homogeneity at all lags rather than just in the long run, and the 
second replaced dp, by Apt. 1 as a solved form, with the possible interpretation 
of an extrapolative predictor of inflation. In both cases, strong rejection was 
obtained as seen below: 

A[~H ~ p], = - O.O06R, - O.O564[m - p],_ I + 0.2694~_, + 0.022 

[O.OOl] [O.llI] [0.151] [0.00X] 

- 0.080ECM,_2 - 1.157rj(/fp), - 77.oL/‘(dp), 

[O.O 151 10.39 11 173.61 

- 0,0024(R), - 0.005/4(R), - O.OOlDrr(R),. (22) 

[O.OOZ] [O.OOZ] [O.OOl] 

R2 = 0.679, (T = 1.48%. DW'= 1.97. x’(2) = 0.50, RESET E‘[l,60] = 0.09, 

AR 1 5 F [S. 561 = 0.60, ARCH 4 F [4.53] = 0.89, Xi’ F [ 16.441 = 0.57. F-test 

[for adding 4(3[>),. I’(Jp),, rj(R),, A(R),. Drr(R),]: F[5.61] = 3.47. 

and 

3 [m ~ p], = ~ O.O07R, - 2.954[nz - p],_ 1 + 0.2364~~,_, 

[O.OOl] [0.12X] [O. 1441 

0.103EC:2,_2 + 0.026 ~ l.O93tj(dp), - 17.1 V(Ap), 

[0.014] [O.OOS] [0.317] 167.11 

- O.O02rj(R), -0.003,4(R), - O.OOlDw(R), - O.h48dp,_,. 

[O.OOZ] [O.OO?] [O.OOl] [0.145] 

(23) 
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RZ = 0.735, 0 = 1.36%, DW = 1.87, x2(2) = 2.34, RESET F[1,59] = 0.07, 
AR 1-5 F [S, 551 = 0.34, ARCH 4 F [4,52] = 0.30, Xi2 F [ 18,411 = 0.59, F-test 
[for adding rj(dp),, V(dp),, e(R),, A(R),, Dee(R),]: F[5,60] = 2.99. 

In particular, both the weak exogeneity component of inflation and the 
anticipated error variance of interest rates are significant in the two misspecified 
models, even though (23) without the test variables is almost as well-fitting as the 
selected equation. Thus, the test procedure has some power and the nonrejection 
of (2 1) is consistent with its previously established constancy over more than five 
years after first selection. 

Interestingly, (23) without the test variables is constant over the sample period 
as judged by recursive ‘break point’ Chow tests: there is no split sample point 
commencing in 1965(2) and ending in 1982(4) where rejection would have been 
obtained at even the 5% level for a single test. Thus, this misspecification would 
not have been detected by any of the other tests reported here. 

Finally, we consider the ‘inversion’ of (19) to determine inflation as a function 
of an assumed exogenous money stock and the arguments of the money demand 
function. If the money demand equation is invariant and constant, then the 
inverted equation will not be. The Chow statistics for a structural break are 
computed for each point in the sample period. Although the critical values of the 
maxima of these are the subject of continuing research, the contrast with earlier 
models is marked since constancy would have been rejected at the 0.1% level by 
any_ investigator testing almost anywhere within sample, despite the constancy 
of (19). 

7. Conclusion 

The main result of this paper is that hypotheses of invariance and super- 
exogeneity of regression parameters can be tested directly, and the proposed 
tests seem to have power to detect incorrect assertions. In an example where 
a previously established model was tested, nonrejection was obtained, whereas 
rejection resulted from two misspecified variants of that model. Further exam- 
ples are provided in Favero (1989) who uses superexogeneity, cointegration, and 
encompassing tests to distinguish between approximate and exact models of the 
expectations theory of the term structure of interest rates. Recursive analogues 
of the tests in section 3 would facilitate joint investigation of constancy and 
invariance, especially in the context of expectations-based equations. 
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